ABSTRACT. Given two elliptic curves E1 and E2 defined over the field of rational numbers, Q, with good reduction at an odd prime p and equivalent mod p Galois representation, we compare the p-Selmer rank, global and local root numbers of E1 and E2 over number fields.
INTRODUCTION
Let F be a number field. Fix an odd prime p and let F denote a fixed algebraic closure of F . For an algebraic field extension L/F and an elliptic curve E defined over F , the p-Selmer group Sel p (E/L) of E over L is defined by the exact sequence
where w varies over the set of primes of L, L w denotes a fixed algebraic closure of L w , E(L w ) denotes the L w points of E, E[p ∞ ] denotes the p-power torsion points of E defined over F and ⊕δ w denotes the natural restriction map. Let E 1 and E 2 be two elliptic curves defined over the field of rational numbers, Q, with good reduction at p. For an abelian group M , let M [p] denote the p-torsion subgroup of M . We say that E 1 and E 2 are congruent at p if E 1 [p] ∼ = E 2 [p] as modules over Gal(Q/Q). The aim of this article is to study the variation of the parity of the p-Selmer ranks, global and local root numbers of E 1 and E 2 over F .
Let N i denote the conductor of E i over F , and N i be the prime to p-part of the conductor of the Galois representation E i [p] over F for i = 1, 2. Let Σ be the finite set of primes of F containing the primes of bad reduction of E 1 and E 2 , the infinite primes and the primes above p. Put
The above theorem is proved in [Sh, Theorem 1.1] under the assumption that µ p ⊂ F. Next assume that E 1 and E 2 have good supersingular reduction at p. In this case Sel p (E i /F cyc ) [p] are not finite groups so we consider the ± Selmer groups Sel ± p (E i /F cyc ) associated to E i , i = 1, 2 as defined by Kobayashi (see Section 4). Then we prove the following analogue of Theorem 1.1 for elliptic curves with supersingular reduction at p. Theorem 1.2. Let E 1 and E 2 be two elliptic curves defined over Q with good and supersingular reduction at the prime p. We further assume the following. (a) E 1 [p] is an irreducible Gal(F /F )-module.
(c) p splits completely over F . If E 1 and E 2 are congruent at p then
In this article, we also consider an analogue of the above theorem in terms of root numbers of elliptic curves. For an elliptic curve E and a prime v of F , let w(E/F v ) denote the local root number of E over F v and w(E/F ) denote the global root number of E over F (see Section 5). Theorem 1.3. Let E 1 and E 2 be two elliptic curves defined over Q with good reduction at p and
In this context, we also recall the p-parity conjecture which states that for every elliptic curve E defined over F , w(E/F ) = (−1) sp(E/F ) .
This conjecture is known over Q ( [Mo] , [Ne] , [Ki] , [DD] ) and for 'most' elliptic curves over totally real fields ([Ne2] for odd p and [Bi] for p = 2). In particular, the p-parity conjecture together with Theorem 1.3 imply Theorem 1.1 and Theorem 1.2 irrespective of the assumptions. However we give independent proofs of Theorem 1.1, Theorem 1.2 and Theorem 1.3 in this article. For a finite prime v p of F and a prime w | v of F cyc , let σ w E denote the Z p -rank of the Pontryagin dual of
where w varies over the set of primes of F cyc dividing v. Let Γ = Gal(F cyc /F ) ∼ = Z p and Λ := lim ← −n Z p [Γ/Γ p n ] denote the Iwasawa algebra over Γ where the inverse limit is taken with respect to the natural projection maps.
Since there exists finitely many primes of F cyc dividing v, the Pontryagin dual
. Theorem 1.4. Let E 1 and E 2 be two elliptic curves defined over Q with good reduction at p and
. Let v be a finite prime of F with v p. Then
Let T p (E) denote the Tate module of E and V p (E) := T p (E)⊗Q p . Let v be a finite prime of F with v p. The natural inclusion
The invariant d v (F 1 , F 2 ) ∈ Z/2 is the Arithmetic local constant of Mazur and Rubin [MR] . This invariant has been extensively studied by Nekovar [Ne3] . Assuming that E 1 [p] and E 2 [p] are symplectically isomophic G Q -modules, he proved
Proof. Since E 1 has good reduction at v and
Consider the following exact sequences
where F v denotes the residue field at v and E ns (F v ) denotes the set of nonsingular points of E over F v , E 0 is the set of points with nonsingular reduction and E k is the kernel of reduction. By [Si, Theorem 7.6 .1], the group E(L)/E 0 (L) has at most 4 elements. Since there are p 2 ≥ 9 elements in E[p], there is a non-trivial element in E[p] whose image in E(L)/E 0 (L) is trivial. Let P denote this element. Then P ∈ E 0 (L). Therefore, the torsion element P ∈ E 0 (F nr v ). Since the group E k (F nr v ) is p-torsion free [Si, Proposition 7.3 .1], it follows from the exact sequence (2.2) that the image of P in E ns (F v ) is non-trivial. If E has additive reduction, then E ns (F v ) ∼ = F v , as an additive group, which is also a p-torsion free group. We therefore arrive at a contradiction since the image of P is a non-trivial torsion element of E ns (F v ). It follows that E cannot have additive reduction at v.
Assume E has multiplicative reduction at p. Let v be a finite prime of F with v p and G v , I v denote the decomposition and inertia groups of v over F respectively. Let δ : G v /I v −→ {±1} be the unique non-trivial unramified quadratic character of G v if E has non-split multiplicative reduction, and let δ be the trivial character if E has split multiplicative reduction. Let ρ E,p : Gal(Q/F ) −→ GL 2 (Z p ) be the Galois representation attached to the Tate module of E over F and ρ E,p be the reduction modulo p of ρ E,p . Then from [DDT, Proposition 2 .12], we have
where ω p is the p-adic cyclotomic character and
where the mod p cyclotomic character is denoted by p and
Let χ p be the Teichmuller character and we identify it with p via the natural embedding
Lemma 2.5 (Multiplicative -Additive). Let p ≥ 5 and v be a finite prime of F with v p. Then it is not possible to have elliptic curves E 1 and E 2 such that E 1 has multiplicative reduction at v, E 2 has additive reduction at v and
Proof. First, suppose that E 1 has split multiplicative reduction at v.
Since F is unramified outside p, the reduction type at v does not change for E 1 and E 2 over F [Si, Chapter 7, Proposition 5.4 ]. Since p ≥ 5, from [HM, Proposition 5 .1] we have
Hence it is not possible to have elliptic curves E 1 and E 2 with one having split multiplicative reduction and other having additive reduction at v. Next, let E 1 have non-split multiplicative reduction at v and F be the quadratic, unramified extension of F such that E 1 has split multiplicative reduction at v over F . The reduction type of E 2 at v does not change since F is unramified. However, the arguments in the preceding paragraph shows that it is not possible. Hence there does not exist elliptic curves with the above reduction types at v. Lemma 2.6 (Split). Let v be a finite prime of F with v p and w be a prime of F cyc with w | v. Let E be an elliptic curve with split multiplicative reduction at v. From the representation (2.4), we have
.
) is a finitely generated Z p -module and
to be finite. Now by arguments similar to the proof of [Sh, Lemma 3 .5], we get
Lemma 2.7 (Non-split). Let v be a finite prime of F with v p and w be a prime of F cyc with w | v. Let E be an elliptic curve with non-split multiplicative reduction at v. Then σ w E = 0 if p = δ otherwise σ w E = 1. Proof. From the representation (2.5), we have
Now by an argument similar to the proof of [Sh, Lemma 3 .5], we have
Since δ is a quadratic character, from the representation (2.4) we have
As δ is non-trivial, the above representation gives
Lemma 2.8 (Split -Non-split). Let v be a finite prime of F with v p and w be a prime of F cyc with w | v. Let E 1 and E 2 be two elliptic curves such that E 1 has split multiplicative reduction at v, E 2 has non-split multiplicative reduction at v and
Proof. Let p = δ. Since δ is non-trivial, we have p = 1. Then the claim follows from Lemmas 2.6 and 2.7. Next assume p = δ. From the representation (2.5), we have
Then from the representation (2.5), we have
Since p = δ and [F : F v ] = 2, we have δ | F = 1. Therefore the representations (2.9) and (2.10)
. Hence the case p = δ is not possible.
Remark 2.9. Let p ≥ 5 and l be a finite prime of Q with l p. Since p = δ, it is not possible to have elliptic curves E 1 and E 2 such that E 1 has split multiplicative reduction at l, E 2 has non-split multiplicative reduction at l and
Lemma 2.10 (Good -Split). Let v be a finite prime of F with v p and w be a prime of F cyc with w | v. Let E 1 and E 2 be two elliptic curves defined over F such that E 1 has good reduction at v, E 2 has split multiplicative reduction at v and
Proof. Let p = 1 i.e. µ p ⊆ F v . Then the claim follows from [Sh, Lemma 3.3 and Lemma 3.6] . Next assume p = 1. From Lemma 2.6, we have σ w E 2 = 0. Consider the field F := F v (µ p ) and G := Gal(F v /F cyc,w ). Then from the representation (2.5), we have
Lemma 2.11 (Good -Non-split). Let v be a finite prime of F with v p and w be a prime of F cyc with w | v. Let E 1 and E 2 be two elliptic curves such that E 1 has good reduction at v, E 2 has non-split multiplicative reduction at v and
. Since E 1 has good reduction at v, by similar arguments as in Lemma 2.1 we have
) from which it follows that σ w E 1 = 1. Also from Lemma 2.7, we have σ w E 2 = 1.
p-SELMER RANK FOR ORDINARY ELLIPTIC CURVES
Let p be an odd prime, F be a number field and F cyc /F denote the cyclotomic Z p -extension of F with n-th layer F n . We put Γ n := Gal(F n /F ) and Γ := Gal(F cyc /F ). Then Γ n ∼ = Z/p n Z and
, where the isomorphism is given by identifying 1 + T with a topological generator of Γ.
Let E 1 and E 2 be two elliptic curves defined over Q with good, ordinary reduction at p. Let N i denote the conductor of E i over F and N i denote the prime to p-part of the conductor of the Galois module E i [p] over F for i = 1, 2. Let Σ be the finite set of primes of F containing the primes of bad reduction of E 1 and E 2 , the infinite primes and the primes above p. Put,
(3.1)
Let S E i denote the set of primes v ∈ Σ 0 such that E i has split multiplicative reduction at v and s p (E i /F ) denote the Z p -rank of the Pontryagin dual of Sel p (E i /F ), for i = 1, 2. Then in [Sh] , the author has studied the variation of the parity of the p-Selmer ranks of E 1 and E 2 over F. He also proved the following.
Theorem 3.1. [Sh, Theorem 1.1] Let E 1 and E 2 be two elliptic curves defined over Q with good and ordinary reduction at an odd prime p. We further assume that the following hold 
If E 1 and E 2 are congruent at p, then the assumption (a) and (c) hold for E 1 if and only if the same hold for E 2 . Let the Pontryagin dual X(E/F cyc ) of Sel(E[p ∞ ]/F cyc ) is a finitely generated torsion Λ-module. Then by the structure theorem of finitely generated Λ-modules, one has a pseudo isomorphism
where s, t, a i , µ E 's are positive integers, one can define the algebraic Iwasawa invariants λ E and µ E by
In the case F = Q and p is a prime of ordinary reduction for E, it is a conjecture of Greenberg that there exists a Q-isogenous elliptic curve E such that µ E = 0 [Gr1, Conjecture 1.11]. In particular, if E[p] is irreducible as a Z/pZ-representation of Gal(Q/Q), it is believed that µ E = 0. However, over general number fields none of the elliptic curves isogenous to E may have µ-invariant equal to zero [Dr] and also there are no examples known for which assumption (a) holds but assumption (c) does not hold.
Next assume µ p F. Then for p = 3, we have the following counterexamples to the above theorem.
Example 1. Consider the following elliptic curves:
The labels in the parentheses above denote the Cremona number of the elliptic curves. E 1 has split multiplicative reduction at 11 while E 2 has additive reduction at 11. Both the curves have λ-invariant 0 and E 1 [3] ∼ = E 2 [3]. Hence (3.2) does not hold.
Example 2. Consider the following elliptic curves which are obtained by twisting the curves in the above example by a quadratic character associated to the quadratic extension Q( √ −5)/Q.
E 3 has non-split multiplicative reduction at 11 and additive reduction at 2,5 while E 4 has additive reduction at 2,5,11. E 3 and E 4 have λ-invariant 0 and 1 respectively and E 3 [3] ∼ = E 4 [3]. Hence (3.2) does not hold. Nevertheless, we have the following theorem.
Theorem 3.2. Let E 1 and E 2 be two elliptic curves defined over Q with good and ordinary reduction at an odd prime p. We further assume the following.
(
as Gal (Q/Q) modules then
where T denotes the set of primes v of F in Σ 0 such that µ p ⊂ F v , one of the elliptic curves has multiplicative reduction and other has additive reduction at v.
Proof. Under the assumptions (a) and (b), from [Sh, Equations 8 and 10] we have λ
denote the Z p -rank of the Pontryagin dual of H v (F cyc , E 1 ) where
From [Sh, Lemma 3 .1], we have λ
, i = 1, 2. Now for each v ∈ Σ 0 , choose a prime w of F cyc dividing v. Let P be the set consisting of all such w. Then [Sh, Lemma 3 .2] implies
Let v p be a finite prime of F such that E 1 and E 2 have same reduction type at v. Then Lemmas 2.1, 2.2, 2.6 and 2.7 imply σ w
. Lemma 2.3 implies that it is not possible to have a prime v such that E 1 has good reduction and E 2 has additive reduction at v. Next suppose E 1 has split multiplicative reduction and E 2 has either good or non-split multiplicative reduction at v, then Lemma 2.8 and Lemma 2.10 imply σ w E 1 ≡ σ w E 2 + 1 (mod 2). Also if E 1 has good reduction and E 2 has nonsplit multiplicative reduction at v, then σ w
follows from Lemma 2.11. Let p ≥ 5. By Lemma 2.5, it is not possible to have a prime v such that E 1 has multiplicative reduction and E 2 has additive reduction at v. Therefore assume p = 3, E 1 has split multiplicative reduction and E 2 has additive reduction at v. From Lemma 2.6, we have σ w
= 0. Next, assume E 1 has non-split multiplicative reduction at v. We have p = δ if µ p ⊂ F v otherwise p = δ since p = 3 and there exists a unique unramified quadratic character. Hence Lemma 2.7 implies σ w
From the above comparisons of σ w E i , i = 1, 2, we have
By [Gr1, Proposition 3 .10], we have s p (E i /F ) ≡ λ E i ( mod 2), i = 1, 2. Therefore
p-SELMER RANK FOR SUPERSINGULAR ELLIPTIC CURVES
Suppose E be an elliptic curve defined over Q with good supersingular reduction at p and a p (E) := 1 + p − # E(F p ) = 0. The assumption that a p (E) = 0 is necessary to apply some crucial results of Kim [Ki1] . However for p ≥ 5, E is supersingular at p if and only if a p (E) = 0 [Si, Exercise 5.10(b) ]. Throughout this section, let F be a number field such that p splits completely over F.
Definition 4.1. [Ko, Section 2, Plus/Minus Selmer group] For n ≥ 0, we define Sel ± p (E/F n ) to be the kernel of
and Sel
Here v ranges over all places of F n , F n,v is the completion of F n at v and the map is induced by the restrictions of the Galois cohomology groups. For notational convenience, let
where Tr n/m : E(F n,v ) −→ E(F m,v ) denotes the trace map for n ≥ m.
. Let E 1 and E 2 are two elliptic curves defined over Q with good, supersingular reduction at an odd prime p and a p (E i ) = 0, i = 1, 2. Henceforth we make the following assumptions.
For F = Q, assumption (i) is true [Se] and assumption (ii) is conjectured to be true [Pe, Conjecture 7 .1]. If assumption (ii) holds, then the Pontryagin dual X − (E/F cyc ) of Sel − p (E/F cyc ) is a finitely generated Z p -module and therefore also a Λ-torsion module. Since p splits completely over F/Q, the Selmer group Sel
Next we define the imprimitive plus/minus Selmer group for Σ 0 in (3.1). Recall that Σ is a finite set of primes of F containing primes of bad reduction of E, the primes dividing p and infinite primes. For l ∈ Σ with l p, we define a conventional local condition
To prove our theorem comparing Selmer rank of supersingular elliptic curves E 1 and E 2 at primes dividing p, we need the following. Theorem 4.6. Let E be an elliptic curve defined over a number field F with good, supersingular reduction at primes dividing p. Assume that Sel
The proof of the above theorem is analogous to the proof of a similar theorem proved by Guo for ordinary elliptic curves at primes dividing p [Gu1] . To prove his result in ordinary case, Guo first proves the following.
Theorem 4.7. For every elliptic curve E defined over F , we have a nondegenerate, skew-symmetric pairing
whose kernel on either side is precisely the maximal divisible subgroup.
Let v be a finite prime of F with v | p and D be a divisible subgroup of
Then from the exact sequence
. This is one of the key observations of Guo used in the proof of the above theorem. He considers D to be equal to
for every prime v | p and using arguments similar to [Gu1] , we obtain the following.
Theorem 4.8. For every elliptic curve E defined over F with good and supersingular reduction at primes dividing p, we have a nondegenerate, skew-symmetric pairing
The proofs of nondegeneracy and skew-symmetric are included in [Gu, Sections 3.3 & 3.4] . In fact, for an arbitrary p-ordinary Galois representation V with Tate module T , Guo derived the skewsymmetric property from the existence of a G F -module isomorphism
such that (ηa)(a) = 0 for a ∈ A. This isomorphism is eventually used to get a pairing
such that e s (a, a ) = −e s (a , a). For elliptic curves such a pairing, e s , exists already from the Weil pairing. Now Theorem 4.6 can be proved easily using Theorem 4.8, the fact that E[p ∞ ](F cyc ) is finite [Ri, Theorem 1] and methods of [Gu1] (see also [Gu1, Lemmas 3 and 6, Proposition 6] . Recall that for an elliptic curve E defined over F , s p (E/F ) denotes the rank of the Pontryagin dual of Sel p (E/F ). Then we have the following immediate corollary to Theorem 4.6 and Remark 4.2.
Corollary 4.9. Let E be an elliptic curve defined over a number field F with good, supersingular reduction at primes dividing p. Assume that Sel
Theorem 4.10. Let E 1 and E 2 be two elliptic curves defined over Q with good and supersingular reduction at an odd prime p. We further assume the following.
Proof. Using (4.3) and similar arguments as in Theorem 3.2, we have
Now the theorem follows from Corollary 4.9.
For a slightly different formula (valid only over Q) comparing p-Selmer rank of supersingular elliptic curves E 1 and E 2 , see [Ha] .
ROOT NUMBERS
Let E be an elliptic curve defined over a number field F with good reduction at a prime v of F and V be the p-adic Galois representation attached to E. Let ε(V ) denote the local epsilon-factor associated to V at v. Then from [Do] and [Ne1, Proposition 2.2.1], we have ε(V ) = ±1. Following [Do] , the local root number, w(E/F v ), is given by
Remark 5.1. [Do, Section 3.4] w(E/F v ) = −1 when v is Archimedean or when E/F v has split multiplicative reduction, and w(E/F v ) = 1 when E/F v has good or non-split multiplicative reduction.
The global root number of an elliptic curve E defined over F is the product of the local root numbers over all places of F ,
Thus, if E/F is semistable, the global root number, w(E/F ), is given by
Let v p. Then we recall the modified local constant, ε 0 (V ), as defined by Deligne ([De, (5.1)] and [Ne3, Page 6] 
3) where the value of ε 0 (V ) mod p depends only on the residual representation [De, Theorem 6.5] . In the next few lemmas, we compare the global and local root number of two congruent elliptic curves E 1 and E 2 with different reduction types at v.
Theorem 5.2. Let E 1 and E 2 be two semistable elliptic curves defined over Q with good reduction at an odd prime p and
Let v ∈ {Set of primes of split multiplicative reduction of
. Now from Section 2, the parity of local Iwasawa invariants implies that v is also a prime of split multiplicative reduction of E 2 /F . Hence we have v ∈ {Set of primes of split multiplicative reduction of E 2 /F } \S E 2 which implies #{v split mult. for
Therefore the equality in (5.4) reduces to
Combining Lemmas 2.3 and 2.5, we are only left with the following two cases.
Lemma 5.3. Let v p be a finite prime of F . Let E 1 and E 2 be two elliptic curves with additive reduction at v and
Proof. Let V i be the Galois representation corresponding to
and the value of ε 0 (V i ) mod p depends only on the residual representation
Lemma 5.4. Let p = 3, v p be a finite prime of F . Suppose E 1 and E 2 are two elliptic curves such that E 1 has multiplicative reduction at v, E 2 has additive reduction at v and
Proof. Let µ p ⊂ F v which implies p is trivial. Consider E 1 has split multiplicative reduction at v. From the representation (2.4), we have V , we have ε 0 (V 1 ) ≡ ε 0 (V 2 ) mod p. Now E 2 have additive reduction implies V Iv 2 = 0. Therefore ε 0 (V 2 ) = ε(V 2 ). Finally from (5.1), (5.3) and the fact that ε 0 (V 1 ) ≡ ε 0 (V 2 ) mod p, we have w(E 2 /F v ) = 1.
Suppose µ p F v . Then p is non-trivial and p (Frob v ) ≡ −1 mod p. Now by similar arguments as above, we have w(E 2 /F v ) = −1.
Theorem 5.5. Let E 1 and E 2 be two elliptic curves defined over Q with good reduction at an odd prime p and E 1 [p] ∼ = E 2 [p]. Then w(E 1 /F ) w(E 2 /F ) = (−1) |S E 1 |−|S E 2 |+|T | .
(5.5)
Proof. When E 1 and E 2 are two semistable elliptic curves, we have already proved in Theorem 5.2 that (5.5) holds. Next assume E 1 and E 2 have additive reduction at v. Using Lemma 5.3, we have w(E 1 /F v ) = w(E 2 /F v ). Also Lemma 2.3 implies that it is not possible to have a prime v such that E 1 has good reduction and E 2 has additive reduction at v. Let p ≥ 5. By Lemma 2.5, it is not possible to have a prime v such that E 1 has multiplicative reduction and E 2 has additive reduction at v. Hence assume p = 3, E 1 has multiplicative reduction and E 2 has additive reduction at v. Then w(E 1 /F v ) = −1 if E 1 has split multiplicative reduction at v otherwise w(E 1 /F v ) = 1. From Lemma 5.4, we have w(E 2 /F v ) = 1 if µ p ⊂ F v else w(E 2 /F v ) = −1. Therefore if E 1 has split (respectively non-split) multiplicative reduction and E 2 has additive reduction at v, then w(E 1 /F v )/w(E 2 /F v ) = −1 (respectively 1) if µ p ⊂ F v otherwise w(E 1 /F v )/w(E 2 /F v ) = 1 (respectively -1).
From the above comparisons of w(E i /F v ), i = 1, 2, we have w(E 1 /F ) w(E 2 /F ) = (−1) |S E 1 |−|S E 2 |+|T | .
Corollary 5.6. Let E 1 and E 2 be two elliptic curves defined over Q with good reduction at p and
. Then under the assumptions of Theorem 3.2 (E i have ordinary reduction at p) or Theorem 4.10 (E i have supersingular reduction at p), we have
The above corollary implies that if the p-parity conjecture is true for one of the congruent elliptic curves then it is also true for the other elliptic curve.
Theorem 5.7. Let E 1 and E 2 be two elliptic curves defined over Q with good reduction at an odd prime p and E 1 [p] ∼ = E 2 [p]. Let v p be a finite prime of F and w | v be a prime of F cyc . Then
